Abstract: The discovery of colour-kinematics duality has allowed great progress in our understanding of the UV structure of gravity. However, it has proven difficult to find numerators which satisfy colour-kinematics duality in certain cases. We discuss obstacles to building a set of such numerators in the context of the fivegluon amplitude with all helicities positive at two loops. We are able to overcome the obstacles by adding more loop momentum to our numerator to accommodate tension between the values of certain cuts and the symmetries of certain diagrams. At the same time, we maintain control over the size of our ansatz by identifying a highly constraining but desirable symmetry property of our master numerator. The resulting numerators have twelve powers of loop momenta rather than the seven one would expect from the Feynman rules. 
mined [58] . Moreover, the structure of the amplitude is known to be closely related to the five-point, two-loop amplitude in maximally supersymmetric Yang-Mills theory, which was constructed in colour-dual form by Carrasco and Johansson [59] . As we will see, the problem of computing colour-dual numerators for the all-plus amplitude is surprisingly complicated. We find an obstruction to the existence of a set of colour-dual numerators containing at most 7 powers of loop momenta (as one would expect from power counting the Feynman rules.) This obstruction can be described as a tension between the value of one cut, and the symmetry properties of one of our graphs.
We resolve this tension by introducing extra powers of loop momentum into our numerators, obtaining in the end a set of numerators with 12 powers of loop momentum. It is typically a dangerous idea to consider such high powers of loop momenta, for the practical reason that a general ansatz with such high power counting will contain many terms. We circumvent this problem by identifying a desirable symmetry property of our BCJ master numerator. This symmetry is highly constraining, which made it quite feasible for us to increase the amount of loop momenta in our numerators.
The rest of our paper is organised as follows. We open with a review of the known colour-dual numerators of the two-loop, all-plus, four-point scattering amplitude [26] . As we will discuss, these numerators have a very suggestive structure which we find generalises to the five point case. We then describe our construction of a set of fivepoint colour-dual numerators, including a discussion of the obstructions, before we conclude.
2 The Four-Point, Two-Loop BCJ System
As an instructive warm up to the five-point, two-loop calculation, we begin with a discussion of the recent calculation [26] of a set of BCJ numerators for the fourpoint, two-loop, all-plus case. As we will see, some aspects of the five-point system are closely analogous to the four-point case.
BCJ master numerators
BCJ numerators are interrelated through a set of kinematic Jacobi identities. Many of these identities can be used to define a subset of graph numerators in terms of a small set of numerators known as master numerators. 1 For example, at four points the double-triangle graph is a difference of double-box graphs: (2.1)
Thus, if the double-box diagrams are masters, the double triangle is determined. In the case of the two-loop, four-point amplitude in pure Yang-Mills theory, one can chose a set of two masters. Appropriate numerators of these master graphs were found to be [26] where s = (p 1 +p 2 ) 2 is a Mandelstam invariant and F 1 (µ 1 , µ 2 ) and F 2 (µ 1 , µ 2 ) are functions of extra-dimensional (regulator) components µ 1 and µ 2 of the loop momenta. That is, working in dimensional regulation with d = 4 − 2 , the loop momenta i consist of a four dimensional part¯ i and a (−2 )-dimensional part µ i : i = (¯ i , µ i ). Rotational invariance in these extra dimensions forces the µ i in F 1 and F 2 to appear in the combinations µ ij ≡ µ i · µ j . Specifically, the functions are defined by
with µ 33 = (µ 1 + µ 2 ) 2 = µ 11 + µ 22 + 2µ 12 . The spin dimension of the gluon, D s , is 4 in the four-dimensional helicity scheme and 4 − 2 in conventional dimensional regulation [60] . We have extracted a factor of
which multiplies every numerator; this is convenient in view of the permutation invariance of T and the fact that it does not depend on loop momentum. Of course T is physically important: it carries the little group weight of the amplitude. All other numerators in this system can be computed from these two masters using appropriate Jacobi identities (a complete list was provided in ref. [26] ). Therefore we call the rest of the numerators descendants of the masters. Since the set of Jacobi relations are simple linear combinations of graphs in various different orderings (perhaps with shifted loop momenta), the descendent numerators are all local functions of external and loop momenta since the master numerators have this property.
Some of the descendent numerators are associated with bubble or tadpole graphs. These graphs are potentially troublesome, because intermediate propagators can be ill-defined. However, all such diagrams in this case contain scaleless integrals which vanish upon integration using dimensional regulation. Notice that all bubble-onexternal-leg graphs contain two powers of µ, which ensures that the diagrams are -4 -well-defined in the limit d → 4 from above. A useful discussion of these subtleties is contained in [27] . We therefore ignore these graphs.
We will determine a set of BCJ master numerators for the five-point, two-loop, all-plus Yang-Mills amplitude below. In structure, our numerators will be very similar to the numerators given in eq. (2.2a). The similarity can be made even closer by observing that the final term in the double box, eq. (2.2a), namely ( 1 + 2 ) 2 F 2 , is not necessary. To see this, notice that the set of Jacobi equations is a set of linear equations. Consider setting the double box to this term alone and setting the nonplanar master to zero -that is, take
We will now show that the resulting amplitude contribution vanishes and that all descendent symmetries and automorphisms are satisfied. Linearity of the system then allows us to conclude that we may omit the term ( 1 + 2 ) 2 F 2 from eq. (2.2a). Starting from the masters in eq. (2.5), the only diagram that gives a nonzero contribution upon integration besides the double box is the double triangle, determined by the Jacobi identity in eq. (2.1) to be
Thus, the complete contribution to the full colour-dressed amplitude is
where we cancelled propagators in numerators and denominators and disposed of scaleless integrals. The integration operator for a given diagram acts on its argument as
Since the integrands in the two terms are the same, we may combine them and use the Jacobi identity (2.6) on the colour factors to find
where we exploited the sum on S 4 permutations to relabel p 3 ↔ p 4 while also shifting 2 → − 2 −p 12 in the second integral. Finally, we have used the fact that
It remains to check that symmetries and automorphisms of all descendent graphs are satisfied: we have done this exhaustively for all graphs; while this is not difficult since many are vanishing, we also found private code written by Tristan Dennen to be very helpful [61] . Consequently, an equivalent set of master numerators is
We will find a closely related set of five-point two-loop masters below.
The maximally supersymmetric subsector
A set of BCJ master numerators is also available [8] for the two-loop, N = 4 fourpoint amplitude. They are simply given by
where δ 8 (Q) is a supersymmetric delta function. Comparing these master numerators to the simplified all-plus master numerators given in eqs. (2.11) reveals an N = 4 SYM subsector of the all-plus amplitude, generated by terms containing up to one power of (D s −2). The function of extra-dimensional components given in eq. (2.3a), F 1 , plays the role of the supersymmetric delta function δ 8 (Q). However, while δ 8 (Q) is invariant under all shifts of external and loop momenta, F 1 does not quite share this property, so this subsector is not closed under Jacobi relations.
In any given Jacobi relation, all propagators but one are the same among the three diagrams. We can therefore associate each relation with one propagator. For our purposes, it us useful to divide the set of Jacobi relations into two categories: those that preserve the ( 1 + 2 ) 2 propagator in (2.11a), and those that act on it. It is easy to see that Jacobi moves of the first kind leave F 1 unaffected, so descendent diagrams which can be formed using only this category of Jacobi relations belong to the N = 4 subsector. An example of the second kind of move was given in eq. (2.1), where if we evaluate the numerator we find
. This numerator vanishes in the supersymmetric case as it contains triangles; the fact that F 1 (µ 1 , µ 2 ) does not have the full symmetries of δ 8 (Q) now prevents this from happening. We shall refer to diagrams of this kind as "butterflies": the particular BCJ moves that generate them from the masters take them outside the N = 4 subsector.
Spanning cuts
In order to show that the BCJ presentation of the amplitude, generated by the two masters in eq. (2.11), reproduces the full amplitude, it is sufficient to show that it reproduces the three spanning cuts displayed in figure 1.
2 While one could calculate these using tree-level amplitudes, we find it simpler to start from the full presentation of the amplitude given in ref. [62] . This can be written in terms of irreducible numerators:
2 For a recent review of spanning cuts in the context of generalized unitarity, see ref. [3] .
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The full colour-dressed amplitude is then
where for notational convenience we have redefined the integration operator I to act on each ∆ i as
It is known [63] that a subset of the cuts of N = 4 and all-plus two-loop amplitudes are related by replacing the supersymmetric delta function δ 8 (Q) with the function F 1 . Cuts involving butterfly topologies have a different structure. This is analogous to the dimension shift between the self-dual sector and N = 4 SYM at one loop, first observed in ref. [64] .
With this in mind, we consider cuts (b) and (c). The only diagrams contributing to these (or any) cuts are those that include all of the cut propagators. For cuts (b) and (c), cutting the central
2 propagator ensures that all constituent diagrams from the BCJ presentation of the amplitude belong to the N = 4 subsector, i.e. there are no butterflies included, so terms proportional to (D s − 2) 2 vanish. Therefore, on these cuts the all-plus colour-dual numerators are precisely equal to their N = 4 counterparts, with the replacement δ 8 (Q) → F 1 . This is consistent with the BCJ presentation of the amplitude.
Cut (a) contains butterflies, and therefore requires a little more work. We need only consider the planar colour-stripped form: it is known that nonplanar information is encoded in the planar cut, as discussed by BCJ in ref. [8] .
3 A simple check confirms that this cut is satisfied for terms up to a single power of (D s − 2), despite the new factors of F 2 . For terms proportional to (D s − 2) 2 , the full expression for the planar colour-stripped form of cut (a), given in terms of irreducible numerators, is 17) where the relevant cut conditions are
In terms of BCJ numerators, the only nonzero numerators that contribute are the double box, 3 See also ref. [57] .
-8 -eq. (2.11a), and the double triangle, eq. (2.13). The cut in this presentation becomes
as required. At five points, cut equations similar to this one will be important for us.
3 The Five-Point, Two-Loop BCJ System
At five points and two loops, the BCJ presentation of the N = 4 amplitude, previously computed by Carrasco & Johansson (CJ) in ref. [59] , forms our starting point for the all-plus calculation. CJ found it useful to introduce a set of prefactors γ ij that generalise the four-point prefactor T , given in eq. (2.4), to five points. These prefactors encode all external state dependence on helicity: we find them to be equally applicable to the all-plus calculation as to the supersymmetric one. The kinematic prefactors γ ij are defined in terms of the objects β ijklm as 
so only six γ ij are linearly independent, though they satisfy more complex relationships when kinematic factors s ij = (p i + p j ) 2 are involved. We are also able to write
The all-plus pentabox numerator by itself is a master for the five-point, two-loop all-plus amplitude, in the same way that the N = 4 pentabox is for the corresponding supersymmetric amplitude. By analogy to the double-box numerator given in eq. (2.11a), we propose that
where X is an unknown function of external and loop momenta which we must determine, whileñ [N =4] is the coefficient of the supersymmetric delta function in CJ's N = 4 supersymmetric pentabox numerator:
For notational convenience below, we will drop the tilde onñ
. The all-plus pentabox numerator shares many of the properties of the all-plus double box. There is a non-closed N = 4 subsector generated by terms containing up to one power of (D s −2), where once again the extra-dimensional function F 1 , given in eq. (2.3a), plays the role of the supersymmetric delta function δ 8 (Q). Jacobi relations are again divided into two categories: those that preserve both F 1 and ( 1 + 2 ) 2 , and those that act upon them. The unknown function X gives us information about butterfly topologies. However, unlike the situation at four points, we will show that X is necessarily nonlocal in external kinematics.
Symmetries and automorphisms
We choose to recycle another desirable property of the four-point solution: the absence of terms proportional to (D s −2) 2 in all nonplanar numerators. Although there is no five-point equivalent of the four-point nonplanar master, eq. (2.11b), we can still impose this condition using the following nonplanar numerator:
All nonplanar numerators at five points can be generated from this graph alone using Jacobi identities. In this sense, it is a master of nonplanar graphs. Therefore, vanishing of terms proportional to (D s − 2) 2 in this numerator is necessary and sufficient to guarantee the same property for all nonplanar graphs. Imposing this requirement, we learn that X(12345; 1 , 2 ) = X(34512; −p 12 − 2 , p 12 − 1 ).
Another property of X follows from the overall flip symmetry of the pentabox through a horizontal axis, namely X(12345; 1 , 2 ) = −X(32154; −p 45 − 1 , p 45 − 2 ). Both of these properties are functional identities, holding for any permutation of external legs and any shift in the loop momenta. By applying the two conditions to each other repeatedly and performing relabellings, we can refine them into three simple properties of X:
These identities will be important below. 6 We have exhaustively checked that these three conditions are sufficient to guarantee all symmetries and automorphisms for all descendent BCJ numerators in the entire system. For instance, the nonplanar numerator in eq. (3.6) now equals its N = 4 term alone, so it satisfies its symmetries by virtue of the N = 4 numerator having exactly the same properties.
From the planar sector, a more nontrivial example of these symmetries in action comes from the "hexatriangle" diagram:
Here we have used the fact that 9) and that the nonplanar numerator in eq. (3.8) has no terms carrying powers of (D s − 2) 2 . As expected, the hexatriangle has no N = 4 component (it contains an internal triangle). Its symmetry through a horizontal axis implies X(12345; 1 , 2 ) = −X(43215; −p 5 − 1 , p 5 − 2 ), which follows from the three conditions in eq. (3.7). The Jacobi identity in eq. (3.8) partitions the pentabox into its N = 4 and pure YM components.
Spanning cuts
To determine the unknown function X, we now match to physical information using a set of spanning cuts, displayed in figure 2. We compare to the irreducible presentation of the amplitude computed by Badger, Frellesvig and Zhang (BFZ) [56] . As in the four points example, spanning cuts that involve cutting the central
propagator do not provide any information on X: in this case, the first two cuts in figure 2 contain the relevant new physics. Again, it suffices to reproduce them in the planar sector as the nonplanar sector follows through tree-level relations on colour-ordered amplitudes. The first of these two cuts, using the BFZ amplitude, is 
This cut bears a strong similarity to its four-point counterpart, given in eqs. (2.17) and (2.18), preserving an overall flip symmetry through the horizontal axis. The prefactor T has now been generalised to the five-point kinematic prefactors γ ij .
The other planar cut has a somewhat more complicated structure. Using the BFZ presentation of the amplitude, we find 
Meanwhile, using the BCJ presentation of the amplitude, we find 13) where this time we have used the on-shell conditions
, and also the three symmetries on X introduced in eq. (3.7). We have also introduced
This cut preserves a symmetry through the vertical axis. Our task is now to find a solution for X that satisfies these two cut equations, while at the same time enjoying the off-shell symmetries in eq. (3.7).
Nonlocality properties
Before we describe our strategy for finding X, let us pause to comment on what kind of structure we may expect. We claim that X must be nonlocal in the kinematic factors s ij . The basis of our claim is simple. We input physical information into our calculation using the irreducible set of numerators computed in ref. [56] , and we further insist on writing our results in terms of the prefactors γ ij . Consider making a local ansatz for the full pentabox numerator in terms of the six linearly independent kinematic prefactors γ ij : where dimensional analysis tells us that the local objects m i may carry up to six powers of loop momentum, including factors of extra-dimensional components µ ij . As - it has a maximum of seven powers of loop momentum. This continues to be true even if we move terms to other irreducible graphs with fewer propagators using integrand reduction. It is also still true if we choose to rewrite the regulator components µ ij in terms of conventional scalar products i · p j and i · j . We conclude that X must be a nonlocal object. Notice that our argument applies to master numerators with a more general structure than we assumed in eq. (3.4); we merely used the BFZ irreducible numerators in combination with an ansatz which is linear in γ ij .
Attempting a minimal solution
Our first attempt at a solution for X is motivated by power counting from the Feynman rules. As all diagrams have seven vertices, one would expect up to seven powers of loop momentum in a solution for the pentabox numerator: the factor of µ 11 µ 22 ( 1 + 2 ) 2 in eq. (3.4) already accounts for six, so we anticipate X having a single power of loop momentum. Although this proposal will not prove successful, the resulting calculation conveniently demonstrates the obstacle to colour-kinematics duality. We shall also use it to introduce concepts and notation that will help us find a solution for X in the next section.
Dependence on the two d-dimensional loop momenta, i = (¯ i , µ i ), accounts for a total of eleven degrees of freedom: eight coming from the components of¯ 1 and and z 8 remains unchanged.
To find a solution for X with minimal dependence on loop momentum, we make an ansatz of the form 19) where the unknown new functions A and A i are functions of the external momenta p i . They are "relabelling friendly", in the sense that knowledge of a function acting on a given ordering of its arguments suffices to reproduce any other ordering through relabelling of the external momenta p i . However, for the reasons outlined in section 3.3, we do not expect these functions to be local functions of external momenta. With this setup, solving the three symmetries in eq. (3.7) is straightforward. If one substitutes the ansatz presented in eq. (3.19), matching individual powers of z i gives a set of simple functional identities, e.g. A 1 (23451) = A 2 (12345) = A 10 (12345), etc. The relabelling property ensures the validity of these identities for any ordering of the external momenta, so such identities can be used to eliminate unnecessary functions A i entirely. Once all such identities are solved, 20) along with the additional requirements that
It now suffices to consider a box-triangle cut, an expression for which may be deduced from either of the two double-bubble cuts in section 3.2. The cut conditions are where we have used the cyclic condition from eq. (3.21a) to pull the p 5 leg around A. 8 As a result, 
9 However, this solution, or any other adhering to the form (3.19), fails to reproduce an off-shell symmetry of the nonplanar graph introduced in eq. (3.6):
(3.30)
As explained in section 3.1, the symmetries (3.7) automatically imply this condition.
Solving the ansatz
Given the failure of a minimal solution, we now explore a more general class of solutions depending on higher powers of loop momenta. Still requiring that X should be local in loop momenta, we generalise eq. (3.19) to a degree deg(X) polynomial of the scalar products z i :
where the loop-momentum-independent functions A i 1 ···i k are the coefficients of the linearly independent monomials z i 1 . . . z i k , carrying total degree k. For a given value of k, we require a total of 11(11 + 1) . . . (11 + k)/k! functions A i 1 ...i k to account for all possible monomials. Loop-momentum dependence in our solution is now explicit: it remains to identify dependence on the external momenta which lives inside the functions A i 1 ...i k .
Following the procedure used in the previous section, we make considerable progress by solving two-term functional identities for A i 1 ...i k that come from the symmetries in eq. (3.7). Again, the relabelling property ensures the validity of these for any ordering of external momenta. It is also possible to solve some identities coming from the two cuts eqs. (3.10) and (3.12). For the former, the cut conditions are z 1 = z 4 = z 5 = z 7 = 0; for the latter, z 1 = z 3 = z 5 = z 7 = 0. However, these techniques are not sufficient to provide a unique solution for X, so we make an ansatz for the remaining independent functions. In view of our discussion in section 3.3, we know that the functions A i 1 ···i k may be nonlocal in the kinematic invariants. We therefore define bases of linearly independent nonlocal monomials, with degree of nonlocality n and dimension 1 + 2m − 2n, as as well as the ability to cancel s ij terms between numerators and denominators. These bases of nonlocal monomials allow us to make nonlocal ansätze, with degree of nonlocality n, for A i 1 ...i k :
where a i 1 ...i k ;j are rational numbers and j spans the length of the nonlocal basis. Of course, A i 1 ...i k applied to other orderings of the external legs generates nonlocal monomials outside of the bases prescribed above. It is necessary to rewrite these monomials in terms of the linearly independent basis elements using identities such as the one in eq. (3.33). The procedure for solving for X is now clear. Having eliminated as many functions A i 1 ...i k as possible using functional identities, one directly applies the ansatz decompositions given in eq. (3.34) to the remaining functions. Identifying coefficients of these bases leaves a large system of linear equations for the rational numbers a i 1 ...i k ;j . We find that a valid solution requires deg(X) 215 Table 2 : Remaining degrees of freedom and known symmetries in the 13 independent functions specifying our solution for X. Complete expressions with the extra degrees of freedom set to zero may be found in the attached ancillary file.
to 6 powers of loop momentum in X, so a total of 12 powers in the final expression for the pentabox numerator. An initial ansatz with 10,004 parameters left 1260 undetermined once all conditions were accounted for. We then further constrained the system by setting A 1,3,3 = A 1,3,10 = A 1,7,7 = 0, as well as extracting an overall factor of s −1 12 in A 1,3 (12345): this left 215 undetermined parameters. The final solution is completely specified by 13 nonzero functions A i 1 ...i k , given with their known symmetry properties and remaining degrees of freedom in table 2. In the attached ancillary file we provide the full solution for X, having set these remaining degrees of freedom set to zero.
Conclusions
The two-loop five-point amplitude discussed in this paper is a relatively simple object. Nevertheless, as we have shown, this amplitude is sufficiently complex that the problem of constructing a set of BCJ numerators is non-trivial. The numerators we found contain more powers of loop momentum than one would expect on the basis of the Feynman rules. They also contain spurious singularities in kinematic invariants.
Of course, it is always possible to add more loop-momentum dependence and additional spurious singularities to numerators of diagrams. The physical requirement is that any cut must take on its physical value. There is a large space of numerators which satisfy this condition. We exploited the freedom of adding more terms in order to build a numerator which satisfies the requirements of colour-kinematics duality.
Given the generous freedom available, it is tempting to speculate that one can always find colour-dual numerators this way.
In this article, we chose to deal with the obstructions we encountered to the existence of colour-dual numerators with more traditional power counting by adding higher powers of loop momenta. Introducing large amounts of loop momenta in numerators at first seems like a bad idea, because the size of numerator ansätze grow quickly as more loop momentum dependence is allowed. We maintained control of our ansatz by imposing a powerful symmetry on the unknown function X. This symmetry allowed us to consider numerators with much more loop momentum than is typically possible. Finding a deeper understanding of the importance of this symmetry may help to find similar symmetry requirements in other cases. Recently, another route toward finding valid presentations of an amplitude which enjoy some double copy relationship with gravity was described [55] . The idea is that one can choose to impose the Jacobi identities only on a spanning set of cuts. This approach has the advantage that large amounts of extra loop momenta are not needed, which could be particularly advantageous in the context of studying UV divergences of the double copied amplitude.
An interesting aspect of our work is that a connection between all-plus amplitudes in pure Yang-Mills theory and MHV amplitudes in N = 4 SYM survives at two loops, even in the context of colour-kinematics duality. A family of colour-dual MHV numerators in the maximally supersymmetric theory at one loop was recently discovered [19] , built on our understanding of colour-kinematics duality in the selfdual theory [18, 49] . Even though two-loop all-plus amplitudes are not self dual, it may be that insight into the nature of the residual link at two loops will allow for progress on one side to be recycled into the other.
